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ABSTRACT

Estimates of the scaled selection coefficient, y of Sawyer and Hartl, are shown to be remarkably robust
to population subdivision. Estimates of mutation parameters and divergence times, in contrast, are very
sensitive to subdivision. These results follow from an analysis of natural selection and genetic drift in the
island model of subdivision in the limit of a very large number of subpopulations, or demes. In particular,
a diffusion process is shown to hold for the average allele frequency among demes in which the level of
subdivision sets the timescale of drift and selection and determines the dynamic equilibrium of allele
frequencies among demes. This provides a framework for inference about mutation, selection, divergence,
and migration when data are available from a number of unlinked nucleotide sites. The effects of subdivision
on parameter estimates depend on the distribution of samples among demes. If samples are taken singly
from different demes, the only effect of subdivision is in the rescaling of mutation and divergence-time
parameters. If multiple samples are taken from one or more demes, high levels of within-deme relatedness
lead to low levels of intraspecies polymorphism and increase the number of fixed differences between
samples from two species. If subdivision is ignored, mutation parameters are underestimated and the
species divergence time is overestimated, sometimes quite drastically. Estimates of the strength of selection

are much less strongly affected and always in a conservative direction.

NE of the primary goals of population genetics has
been to measure and to understand the role of
natural selection in shaping variation within and be-
tween species. Now that molecular technologies allow
genetic variation to be assayed with relative ease, this goal
seems within reach. A number of different approaches to
studying selection have been proposed (Hupson and
KAPLAN 1988; NEUHAUSER and KRONE 1997; YANG 1998;
DONNELLY ef al. 2001; SLATKIN and BERTORELLE 2001),
and a multitude of neutrality tests, reviewed by NIELSEN
(2001), can be applied if appropriate genetic data are
gathered. This work considers SAWYER and HARTL’s
(1992) method, which belongs to a class of methods
that use overall levels of polymorphism and divergence
at two or more categories of sites in samples of DNA
sequences from a pair of species. HUDSON et al. (1987)
were the first to propose such a method, in which the
categories were different loci, followed by McDONALD
and Krerrman (1991), who categorized sites within a
locus as being either synonymous or nonsynonymous
with respect to changes in the amino acid sequence of
the protein product. Both methods assumed no intralo-
cus recombination and allowed the hypothesis of strict
selective neutrality to be tested. Shortly afterward, by
assuming KiIMURA’s (1969) infinite-sites mutation model,
i.e., with free recombination between sites, SAWYER and
HartL (1992) showed that McDonald-Krietman test
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data could be used not only to test neutrality but also
to estimate selection, mutation, and divergence-time
parameters.

NIELSEN (2001) pointed out that McDonald-Kreit-
man and related tests, in which sites can be classified a
priori, provide a very powerful framework for inferences
about natural selection, in contrast to tests like TAJIMA’s
(1989) and Fu and L1’s (1993), which measure devia-
tions from the highly variable process of neutral coales-
cence. It is likely that McDonald-Kreitman and related
methods will become the mainstay of genomic analyses
of the role of selection. In two recent works, modified
McDonald-Kreitman tests were applied to genomic data
from Drosophila, suggesting that 45% of the amino acid
differences between Drosophila simulans and D. yakuba
resulted from positive selection (SMITH and EYRE-
WALKER 2002) and that positive selection at a relatively
small number of genes is responsible for the divergence
of D. simulans and D. melanogaster (FAY et al. 2002).
BUSTAMANTE et al. (2002) used a modified Sawyer-Hartl
method to show that Arabidopsis species have experi-
enced a higher proportion of deleterious amino acid
substitutions than Drosophila species, in which positive
selection is common, and attributed the difference to
high levels of inbreeding in Arabidopsis.

An obvious shortcoming of these methods is that they
assume the species under study are panmictic, i.e., not
geographically or otherwise subdivided. It is well known
that this assumption is incorrect for many species (SLAT-
KIN 1985). When there is no intralocus recombination,
McDoNALD and KrREITMAN (1991) point out that shared
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genealogical history should control for the effects of
demography when sites can be categorized a priori. It is
less clear that this should be the case when collections
of unlinked sites are used to estimate selection, muta-
tion, and divergence-time parameters as in SAWYER and
HarTL’s (1992) method. It is possible that the effects
of subdivision on the numbers of polymorphisms and
fixed differences at synonymous and nonsynonymous
sites could lead to errors in inferences. Therefore, the
goal of this work is to extend the Poisson random field
(PRF) theory of polymorphism and divergence devel-
oped by SAWYER and HarTL (1992) to include subdi-
vided species. To do this, it is first shown that in the
limit of a large number of subpopulations or demes allele-
frequency dynamics atasingle locus in a population with
island-model migration (WriGHT 1931; MORAN 1959;
Maruvama 1970; LATTER 1973) are governed by a diffu-
sion process that has the same form as the usual Wright-
Fisher diffusion, e.g., see EweNs (1979), but with a time-
scale different from that of the panmictic case. Then,
the assumption of free recombination between sites allows
the PRF model to be used to predict the patterns of
variation in samples from a pair of island-model species.

The diffusion result is obtained using Theorem 3.3
in ETHIER and NacyLak1 (1980) and relies upon the
fact that the process of migration and drift within sub-
populations occurs on a much faster timescale than
changes in allele frequency by drift and selection in the
total population. The result thus depends on a stochastic
equilibrium of allele frequencies within demes with re-
spect to migration and drift, which is also described.
This follows some recent work (CHERRY and WAKELEY
2003) in which simulations supported the existence of
such a diffusion under the additional assumption that
demes are very large and migration rates correspond-
ingly small. The present analysis shows that this addi-
tional assumption is unneccessary. The assumption of
infinite deme sizes and infinitesimal migration rates was
also made in the recent coalescent work on neutral
large-number-of-demes models (WAKELEY 1998, 2001),
and it is made below in The expected number of neutral
segregating sites, when the forward and backward results
are compared. Otherwise, here it is assumed that the
demes are finite in size and the migration rates are
unconstrained.

This work makes a connection between the PRF the-
ory and work on the robustness of the coalescent process
to population structure (NORDBORG 1997; MOHLE
1998), in particular for the case of geographic structure
(WAKELEY 1998, 2001). The two are related by showing
that the effective size of the ancestral, coalescent process
is the same as that of the forward-time diffusion of allele
frequencies and that the forward- and backward-derived
predictions for the expected number of segregating sites
in a sample are the same under neutrality. We expect
such connections between forward and backward ap-
proaches to exist, a fact that is well established in the
case of panmictic populations (EweNns 1990; MOHLE

2001). Like the forward (NAGyLAKI 1980) and backward
(NoTtoHARA 1993) strong-migration limits, these results
and those of WAKELEY (1998, 2001) for the coalescent
process are based on a “separation of timescales.” In
this case, the fast processes are migration and drift
within demes and the slow process is drift and possibly
selection in the total population, which is mediated by
migration. The effective size of the population is re-
scaled and patterns of genetic variation depend on how
asample is distributed among demes. In contrast, under
the usual strong-migration limit, the only effect of struc-
ture is to rescale the effective size of the population
(NAGYLAKI 1980; NoTOHARA 1993; NORDBORG 1997,
CHARLESWORTH 2001).

The main result presented here, besides the existence
of the diffusion (9) below, is that, if mutations are intro-
duced at a constant rate per generation and sites segre-
gate independently of one another, the PRF results of
SAWYER and HARTL (1992) can be applied, but with a
correction that depends on how samples are taken
among demes. If each sample is taken from a different
deme, then SAWYER and HARTL’s (1992) results apply
directly, but with slightly different mutation and diver-
gence-time parameters. If some or all of the samples
come from the same deme, the PRF results must be
corrected for the effect of drift and migration within
demes. Failure to recognize this can cause serious errors
in the estimation of mutation rates and divergence times,
but not, surprisingly, of selection coefficients.

THEORY

A population or species is assumed to be subdivided
into Ddemes of equal size N. The organisms are assumed
to be haploid, but the results will hold for diploid organ-
isms if Vis replaced with 2N, if selection is additive, and
if migration is gametic. The island model of migration
(WRIGHT 1931; MoORAN 1959) is assumed: a fraction m
of each deme is replaced by migrants every generation
and all migrants are randomly sampled from a migrant
pool to which all demes contribute equally. In each
generation, migration occurs first, followed by selection,
and then resampling (drift) within demes according to
the Wright-Fisher model (FisHER 1930; WrRIGHT 1931).
In the next two sections, two alleles are assumed to be
segregating at a single locus, and Many independently
segregating loci considers their introduction by mutation.
The wild-type or nonmutant allele has relative fitness
equal to 1, and the mutant allele has fitness 1 + s,
where s, = —1. The nextsection establishes the diffusion
approximation for the frequency of the mutant allele
as D — oo, but Ds;, remains finite. The migration rate
can vary between 0 and 1 (0 < m = 1) and Nis assumed
to be finite. This is in contrast to the usual assumption
that Nm is finite as N goes to infinity.

Considering the number of mutants within each deme,
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it is apparent that there are exactly N + 1 kinds of
demes. Each deme that begins a generation with 7 copies
of the mutant will have mutant frequency

g = (1 —m)Xi[+ mx
+ sl)[(l - m)7i7+ mx} {l - (1 - m)l%/_ mx| + o(sp) (1)

after migration and selection, where x is the frequency
of the mutant in the total population. The next genera-
tion within the deme will be produced by randomly
sampling N haploid individuals from this distribution.
Thus, a deme that contains ¢ copies of the mutant now
has probability

7= (Yot - @)

of having jcopies at the start of the following generation.
Because lim),_..s, = 0, it is often necessary to consider
only one part of P;:

P;}‘ = ([]\f) {(l - m)i]-ﬁ- mx}j {l - (1 - m)i./v— mx N_j. (3)

The notation o(sp) used in Equation 1 and below means
that lim,_..o(sp) /sy = 0. Thus P; = P§ + o(1). The
process of drift, described by Equation 2, happens inde-
pendently within each deme.

Limiting allele frequency dynamics at a single locus:
Let ZP(i#) record the fraction of demes that contain i
copies of the mutant and z(¢) be a particular realization
of this random variable. Thus, Z”(¢) is a Markov chain
whose state space consists of all possible configurations
of the D demes among the N + 1 mutant-count classes.
APPENDIX A proves a diffusion result for Z°(¢) as D goes
to infinity and Ds, remains finite. Briefly, this is done by
using Equation 1 of ETHIER and NAGYLAKI (1980)—see
also Equation 22 of Nacyrakr (1980). Define X”(¢) =
2N0iZP(t)/N. The random variable X”(¢) records the
frequency of the mutant in the total population or the
average frequency of the mutant among demes (x
above). Next, let Y?(t) = ZP(f) — v,({) be the deviation
of ZP(t) from the equilibrium prediction v,(¢). For a
given P;(¢), this equilibrium satisfies

(D) = SO P . (4)
i=0

It exists because P* = (P}) is ergodic and has a finite
number of states. We can set 2¥v,(f) = 1, and v,(¢)
becomes the equilibrium prediction for ZP(7).

The nature of the diffusion approximation (9) below
is that the migration and drift within demes equilibrate
quickly in comparison to the rate of drift and selection
in the total population. The results show that, to a suffi-
cient order of approximation, demes can be considered
to always be at a stochastic equilibrium v; (0 = j = N)
with respect to migration and drift for a given x. The

fraction of demes that have j copies of the mutant con-
verges on v; = ZX,v,P¥, where P is given by Equation
3 with x constant. The distribution v is very well approxi-
mated by the hypergeometric distribution

( Nm(2 — m)x/(1 — m)z) ( Nm2 —m)(1 —x/(1 — m)Q)
J N—j

V/=

- Nm(2 = m)/(1 — m)?
N

5)

which is a special case of the multivariate Poly(A) distri-
bution; see Equation 40.13 in JOHNSON et al. (1997).
Equation 5 is also identical to the two-allele case of the
compound multinomial Dirichlet distribution, which
RANNALA (1996) proved to hold for the frequencies of
multiple alleles within a deme in the infinite-island or
continent-island model, i.e.,, where allele frequencies
among migrants are assumed to be constant. RANNALA
(1996) did not assume Wright-Fisher reproduction, but
rather that a birth-death-immigration process occurred
within demes. Thus, RANNALA’s (1996) model is similar
to the Moran model, in which such distributions are
known to arise: see pages 131-133 in MORraN (1962).
RoTHMAN et al. (1974) argued for the use of the com-
pound multinomial Dirichlet distribution in the case of
Wright-Fisher reproduction within demes.

The form of Equation 5 was obtained by selecting
parameters of a hypergeometric distribution that gave
the same mean and variance of allele counts among
demes as Equation 4, namely

E[j]1 = Nx (6)
N2x(1 — x)
m@2 — m) + (1 — m)?

Var,[j] = (7)
which were obtained using (4) together with the mo-
ments of the binomial distribution (P*). Equation 5 is
the exact solution to (4) when N = 2. In addition, as
required by (4): when m approaches 1, v; becomes a
binomial distribution with parameters N and x; and as
m approaches 0, we have vi = 1 — x, vy = x, and v; =
0 for 1 =j= N — 1. Finally, if x; = j/Nis the frequency
in some deme ¢, then as N grows but 2Nm = M remains
constant, (5) converges on the well-known B-distribu-
tion result
r'm)

| - M1 = ) MA—9 T
gebods = o =y 4T dxi,  (8)

which WRIGHT (1931) obtained under the assumption
that x was constant among migrants. To derive (8) from
(b),itis necessary to use the limit result 6.1.46 in ABRAM-
owITz and STEGUN (1965) for ratios of gamma functions
and to let dx; = 1/N. Figure 1 plots the distribution (5)
when N = 10 and x = 0.75 over the full range of migra-
tion rates. With these parameter values, the absolute error
of using (5) to approximate the solution of (4) is never >
~0.007 and the relative error is never > ~5%.
APPENDIX A shows that, in the limit as D goes to infin-
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F1Gure 1.—The approximation (5) for the distribution of
mutant allele counts among demes assuming that N = 10 and
x = 0.75, shown as a function of the per-generation migration
rate m.

ity, the change in x by drift and selection is so much
slower than that by migration and drift within demes
that the collection of demes is always at the equilibrium
v, which depends on N and m, and of course x. By
Theorem 3.3 of ETHIER and Nacyrakr (1980), as D
goes to infinity the above system reduces to a diffusion
x(+) with generator

1 d? d
L=-x1—-x—+ 1 - x)—
2x( ? dx? v %) dx’ ®)

in which vy = N limj_..Dsy. Time is measured in units
of ND/(1 — F) generations, where F is the fixation
coefficient, in this case given by Equation (Al3) in Ap-
PENDIX A. Thus, the diffusion of x is identical to the
usual Wright-Fisher diffusion with genic selection, with
the exception that it occurs on a timescale longer than
that of the panmictic case by the factor 1/(1 — F). Thus,
all the well-known predictions of that model apply; e.g.,
see chapter 5 of Ewens (1979).

CHERRY and WAKELEY (2003) assumed (8) to hold
and showed that simulations agreed well with the predic-
tions of the implied diffusion process, such as the time
to fixation or loss of the mutant type. Without giving a
proof, we can guess that this diffusion should be given
by the results of the section above and APPENDIX A if
Np — = when D — o and lim;_.2Nym; = M, so that
I'=1/(M+ 1), but with lim..N,/D = 0 (ETHIER and
Nacyraki 1980). CHERRY and WAKELEY (2003) also
showed that the distribution of allele frequencies among
demes in simulations with N = 100 and m = 0.01 (and
D = 1000 and s, = 0.001) conformed well to the predic-
tions of Equation 8 in a particular generation when x
was equal to 0.611. Further support for the existence

of this large-D, large-N diffusion is given in The expected
number of neutral segregaling siles by comparing its predic-
tions under neutrality to those of the corresponding
coalescent model (WAKELEY 1998). Otherwise, N is as-
sumed here to be finite.

Many independently segregating loci: If we posit an
infinite number of loci, i.e., nucleotide sites, which can
sustain mutations and which each evolve according to
the diffusion of the previous section independently,
then the PRF results of SAWYER and HARTL (1992) hold
for x. Because of the way time is measured in the diffu-
sion, the appropriate mutation parameters are also
scaled:

2NDu,

0, = and 60, =
1-—-F

(10)

The subscripts in Equation 10 refer to “amino acid re-
placement” and “synonymous” following BUSTAMANTE
et al. (2002), and w, and w are the per-generation rates.
Thus, one effect of restricted migration is to increase
the apparent mutation rates over the panmictic case
since 0 = F'= 1. The other effect, of course, is to distrib-
ute variation among demes as described in the previous
section. In addition, the parameter {3 in SAWYER and
HARTL (1992) must here be measured in units of ND/
(1 — F) generations. With these modifications, Equa-
tions 13 and 14 in SAwYER and HartL (1992) apply
here to x.

Rewriting SAWYER and HARTL’s (1992) Equations 13
and 14 in terms of the present notation gives

0L, (11)
2y
L a— (12)
.3 = 02 (13)
1] — =9 dx
(%) = 0, 14
() 1—e® x(1-w (14)

for the expected numbers of fixed and polymorphic,
synonymous, and replacement differences in two spe-
cies. When a sample is taken from the two species, as
in SAWYER and HARTL (1992), we need to consider the
chance thata polymorphic site appears fixed in a sample
from the species. Here, in contrast to the panmictic case,
the distribution of the sample among demes becomes
important.

Assume that we have taken a random sample of n
sequences from d different demes in one of the species,
such that n, n, . . ., n, are the sample sizes from
each deme. We can write in general that the expected
number of sites that show i, 4, . . ., i, copies of the
mutant base in the sample (0 = i, = n) is given by

E[sj(il,...,w]{ [Thilx, nydo,(x),  (15)

0 k=1
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where j = a, s. The probability h(i|x, n,), that 4 copies
of the mutant base are in the sample of %, items from
the kth sampled deme, is an average over the within-
deme distribution of allele frequencies:

I\ N=j
No\i) \my — g,

hix, ) = S (16)
k k = (N) J
ny,

If Nis large and m correspondingly small, we may wish
to use the large-deme approximation:

1
h*(iklx, n) = J (?k)xﬁf(l — xk)"k_ikg(xk|x)dxk. (17)
0 k

That is, when Nis large we can approximate the hyper-
geometric probability that the sample contain ¢ copies
of the mutant allele (present in j copies in the deme)
with a binomial distribution and the allele count distri-
bution v;with WRIGHT’s (1931) continous B-distribution
of allele frequences, g(x|x).

Because we have assumed an infinite number of inde-
pendently segregating sites with collective mutation
rates given by (10), the PRF model (SAWYER and HARTL
1992) shows that Si(#, . . ., 7;) is Poisson distributed
with expected value equal to (15). The numbers of sites
segregating at various frequencies within each deme
contain information about migration rates, and the
numbers of sites segregating at various frequencies in
the total population contain information about the se-
lection coefficient. Note that (15) can also be used to
compute the expected number of apparent fixed differ-
ences, i.e., polymorphisms where the entire sample has
the mutant base, as required in SAWYER and HARTL’s
(1992) analysis. This provides a framework for estimat-
ing selection coefficients (and migration rates) in the
context of a subdivided population. As illustrated in
RESULTS, we use Equations 11-14 in conjunction with
Equation 15 to obtain predictions about the numbers
of fixed-synonymous, fixed-replacement, polymorphic-
synonymous, and polymorphic-replacement sites in a
sample from two species. Further, Equation 15 gives the
joint frequencies among demes of segregating polymor-
phisms. In the panmictic case, HARTL et al. (1994),
AxasHI (1999), and BUSTAMANTE et al. (2001) showed
that allele frequencies at polymorphic sites contain sub-
stantial information about selection.

RESULTS

The first result to note is that if each sample is taken
from a different deme, the methods of SAWYER and
HaRrTL (1992) can be applied wihout modification. It
is necessary only to realize that the inferred mutation
parameters and the divergence time are scaled in terms
of ND/(1 — F) generations instead of the usual ND
generations. This result follows from the fact that each

sample drawn in this way has probability x of showing
the mutant base. That is, 2(1|x, 1) = xand 2(0|x, 1) =
1 — x, and similarly for 2*(4|x, ). Summing Equation
15, for each species, over all 4, 4, . . ., i; such that 0 <
24 < Zf-im, gives SAWYER and HARTL’s (1992) Equa-
tions 15 and 19 but with the scaled mutation rates that
apply here: 6, and 0,. Similarly, SAWYER and HARTL’s
(1992) Equations 17 and 18 are derived by considering
the chance that ¢, = 1 for all k. In sum, inferences about
selection coefficients, mutation rates, and divergence
times are entirely robust to (island-model) population
subdivision when each sample is taken from a different
deme.

Inferences from single-deme samples: At the opposite
extreme, consider the case in which all samples are
drawn from the same deme within each species. Note
that we assume, as in SAWYER and HARTL (1992), that
the two species are identical (here in terms of N, m, and
v). Let n; and n, denote the sample sizes from the two
species. For this sample, the expected numbers of fixed-
synonymous (K;), fixed-replacement (K,), polymorphic-
synonymous (S;), and polymorphicreplacement (S,)
sites are given by

506 = 0+ [ Unls my + el nan as)

0

1
E(K) = 0 [tdh, + J (], 1)
- 0

e
1 — 2=
+ h(n_)|x, nz)]mdx] (19)
B(s) = 0 1 m) + Hs 1 (20)
0
5y =02 Lz
E(S) = 0 e-mL[HW m s )V

(21)

in which H(x, n) = 1 — h(n|x, n) — h(0|x, n). The
results from Limiting allele frequency dynamics at a single
locus are used to compute h(n|x, n) and h(0|x, n).
Namely,

h(n|x, n) = %j!(N_ m)!

SG-mwIN T (22)

This same equation can be used to compute 2(0|x, n) =
hn|l — x, n).

Figure 2 plots the expected values of K, K,, S, and
S, as functions of the migration rate when n; = n, = 10
and N = 100 and for three different values of vy: —2,
0, and 2. The results are as expected for single-deme
samples. When m = 1, they are the same as in a panmic-
tic population. As m decreases, samples from single
demes tend to be closely related, so the numbers of
polymorphisms will decrease and the numbers of (ap-
parent) fixation events will increase. This is true regard-
less of whether vy is positive, zero, or negative, although
the relative magnitudes of the four quantities depend
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Frcure 2.—The dependence on migration rate (m) of the
expected values of K;, K,, S;, and S, computed using Equations
18-21, assuming n; = n, = 10 and N = 100. In addition, 6, =
10,0, = 5,and ti, = 7. (a) y=2; (b) y = 0; (c) vy = —2.

strongly on <. The curves for E(K)) and E(S,) are, of
course, identical for all values of y. The results that
would be obtained by assuming lim,_.2Nm = M and
using Equations 8 and 17 would be similar to what is
shown in Figure 2 if M were varied from 0.02 to 200.
To understand the effects of (island-model) popula-
tion subdivision for the extreme case of single-deme
samples, we can use the “data” of Figure 2 to fit the
parameters of SAWYER and HARTL’s (1992) panmictic
model. Figure 3 shows that estimates of y are remarkably
robust to subdivision, even in this case, where the effects
of subdivision should be strongest. Again, if samples
were taken singly from different demes, there would be
no error in using the panmictic model. For single-deme

|
I
|
I
|
l
|
|
I
|

log1o(m)

F1GURE 3.—The dependence on migration rate (m) of the
estimated values of vy using the values of K|, K,, S;, and S,
plotted in Figure 2 and assuming SAWYER and HARTL’s (1992)
panmictic PRF model. At the right (m = 1) the population is
in fact panmictic, and <y is estimated accurately in all three
cases.

samples there is some error when the migration rate is
low, but even in the extreme case of m = 10~* (2Nm =
0.02) the estimates are off only by ~25%. However, the
level of error will be greater for larger samples (see
pIsCcUssION) and when the absolute value of vy is larger.
An additional effect is that the error in estimating vy is
conservative in that the bias is toward neutrality regard-
less of whether vy is positive or negative. Figure 4 shows
the effect on the other parameters: ¢, 0,, and 0,. As
should be expected from Figure 2, mutation rates are
underestimated and the divergence time is overesti-
mated when the migration rate is small. The error in
estimating these other parameters is much more ex-
treme than that for . In addition, there is a small effect
of v on estimates of 0,.

The expected number of neutral segregating sites:
Under neutrality, the results presented here agree with
those found using a coalescent approach in WAKELEY
(1998), and later in WAKELEY (1999, 2001), which were
derived under the assumption that limy_..2Nm = M. We
make the same assumption here and further assume
that this occurs in such a way that the diffusion result
still holds (see Limiting allele frequency dynamics at a single
locus). Then we can use g(x|x) and 7% (4|x, n,) in expres-
sion (15) to show that the expected number of synony-
mous segregating sites is equal to 6, 2= 1/¢ when all
n sampled are taken from separate demes. This was
found in WAKELEY (1998) to hold for the samples from
the neutral genetic locus in the large-D island model,
under the assumption of no intralocus recombination.
We expect this agreement under the infinite-sites model
of mutation, because the marginal distribution of gene-
alogies at a single site must be the same as that of an
entire nonrecombining locus under neutrality. It is im-
portant to note that the variances and other moments
of the numbers of segregating sites do depend on the
recombination rate.
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F1GURE 4.—The dependence on migration rate (m) of the
estimated values of 0, 0,, and #;, using the values of K,, K,
S,, and S, plotted in Figure 2 and assuming SAwYER and
HArTL’s (1992) panmictic PRF model. Estimates of 6, and #;
depend only on neutral variation, but estimates of 6, show
some effect of selection. The three curves are, from the top,
y=2,vy=0,and y = —2.

Consider the number of segregating sites in a sample
of nsequences, all from the same deme. From the coales-
cent approach we have

n ’ n’n'—ll
gs) = 0,3 B OIS L o)
= M, =12
(WAKELEY 1998), in which (4, j) are Stirling numbers
of the first kind (ABRAMOWITZ and STEGUN 1964) and
M,y = MM+ 1)...(M+ n— 1). Here, Equation 15
becomes

1r1

E[S] = jJ [1— xt — (1 — x)"lg(xa|x)dadd(x)  (24)
0J0

and this is shown in APPENDIX B to be equivalent to

(23).

DISCUSSION

The results presented above can be understood in
terms of a sample-size effect of subdivision, one that
depends on how the sample is distributed among demes.
In the limit of a large number of demes, the history of
a sample under neutrality has two distinct phases: the
scattering phase and the collecting phase described in
WAKELEY (1999). Although in this analysis incorporat-
ing selection was not phrased in these terms, it is clear
from Figure 2 that the same effect is at work, namely,
that a scattering phase, which is a stochastic sample size
adjustment that begins with a sample of size » and ends
with n' lineages each in a separate deme, where 1 =
n' = n (WARELEY 1999), induces a downward sample-
size adjustment to single-deme samples. In the case of
large N and correspondingly small m, the scattering
phase for a sample from a single deme is given by
P[7|n] = |Si(n, n')|M" / M,,, which appears in Equation
23. Figure b shows how the expected values of K, K,

180 b 7 L
------------- E(Ka)
125

100
75

50

25

FIGURE 5.—An illustration that the overestimation of fixa-
tion events and underestimation of polymorphism levels result
from a sample-size effect. Except for n; and n,, parameters
are the same as in Figure 2c, and the curves plot Equations
18-21 as a function of sample size.

S, and S, depend on n; = n, under panmixia with y =
2. Thus, the values on the right-hand side of Figure 5
are identical to those on the right-hand side of Figure
2a. Although scales of the horizontal axes are not the
same, the effect of smaller migration rate is qualitatively
similar to that of smaller sample size. The reason that
the values on the left-hand sides of the two panels are
different is that the average value of n' at the left in
Figure 2a is equal to 1.06, which is considerably smaller
than the practical lower limit of 2 in Figure 5. Instead,
the values on the left-hand side of Figure 5 can be
compared to those in Figure 2a for logy(m) = —2.67,
or m = 0.00215, which (with N = 100) gives E[n'] = 2.

This work shows that inferences about natural selec-
tion made from DNA polymorphism and divergence
data are robust to population subdivision (Figure 3) as
long as the migration rate is not too low. This is remark-
able in view of the strong effects subdivision has on
numbers of polymorphisms, shown in Figure 2, but is
understandable in terms of the effect of subdivision on
0,, 0,, and ;. Except for the weak dependence of 0,
estimates on vy (Figure 4), subdivision and migration
act equally on selected and neutral variation. In both
cases, fixation events are overestimated and polymor-
phisms underestimated when the migration rate is
small. This causes mutation rates to be substantially un-
derestimated and divergence times grossly overesti-
mated if subdivision is ignored, but these effects com-
pensate one another and allow relatively accurate
estimates of selection even if subdivision is ignored.
Often vy will be the focus of study, but if 0, 0,, and #;
are also of interest, it would be useful to have a frame-
work for simultaneous inferences about migration rates,
selection coefficients, and these other parameters. The
theory presented above is a first step toward this goal.

It is important to note that inferences about natural
selection made from allele frequencies at polymorphic
sites will be robust to subdivision only in the case of
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samples taken singly from different demes. Otherwise,
the distribution of samples among demes will cause
some frequency classes to be overrepresented, resulting
in biased inferences. Even when all the samples are
taken from the same deme, restricted migration can
mimic the effect of positive y on allele frequencies
(WAKELEY and ALIACAR 2001). While allele frequencies
at polymorphic sites provide an additional source of
information about natural selection (HARTL et al. 1994),
this illustrates that they are also greatly influenced by
nonselective demographic factors; see also NIELSEN
(2001). In addition, allele frequency patterns are quite
sensitive to levels of recombination (BUSTAMANTE et al.
2001). Thus, it is especially important to account for
subdivision when making inferences from allele-fre-
quency data.
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APPENDIX A

Again, Z7(1) is the fraction of demes that contain ¢
copies of the mutant. Let Z{(f) record the fraction of
demes that contain ¢ copies of the mutant and are de-
scended from a deme that contained j copies of the
mutant in the previous generation. Of course, Z7({) =
2X,Z2(1), and we can study the behavior of Z(t) by
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considering the simpler behavior of Z(¢). In particular,
conditional on the state of the system z(?) at time ¢,

(Zh(t+ 1), . ZR(t + 1))

multinomial (Dz;(?), P(?), . . ., Pn(?)), (Al)

Dz(1)
and ZJ(t + 1) and Zj(¢ + 1) are independent for all i
and k, and j # [ Thus, we have conditional moments

ELZ2(t + Dz()] = S0Py (A2)

j=0

Var[ZP(t + 1)z(1)]

; z()P(1) (1 = Pi(1) (A3)

@\-*

Cov[ZP(t + 1), ZP(t + Dz(1)] = i (8) Pu(t) Py(1) . (A4)

1
D;

All the higher central moments of the ZP(¢ + 1) are
o(1/D).

Now let XP(t) = 22X, iZP(¢)/N, and YP(t) = ZP(t) —
v,(t). The diffusion result follows from these results (de-
rived below) for changes over one generation:

E[XP(1) — xlz] = b(x, y) + 0(;) (Ab)
E[{XP(1) — «%lz] = a(x, y) + o(%) (A6)

Hm%n—ﬂ%]=4g (A7)
ELYP(1) — ylz] = ci(x 9) + o) (A8)
Var[Y2(1)]z] = o(1) (A9)

in which ¢ has been suppressed, x = 2, iz/N, and

Yi =z —V and

b(x, y) = sp(1 — F)x(1 — x)

+@u—mﬁt—)y (A10)

=0\

a(x, y) = %(l - F)x(1 — x)

LA =m E\)(l - )2%- (A11)

N
a(x 3 = 2yPi =y (A12)
=0
The fixation index is given by
— )2
d - m (A13)

N Nm(2 — m) + (1 — m)?

Itis clear from Equation Al2 that ¢(x, 0) = 0 forall x €
(0, 1). If, in addition, the zero solution of the difference
equation

Y(k+1,x9) — Y(k x,9) = cx, Y(k x,9)),
Y(0, x, 9) =y, (Al14)

is globally asymptotically stable, then the diffusion (9)
holds (ETHIER and NAGYLAKI 1980). Note that y = 0 is
equivalent to z; = v;and that Equation Al4 is equivalent
to Y(k + 1, x,9) = Y(k, x, y) P*. Proof of Equation Al4
follows from the ergodicity of the stochastic matrix P¥,
i.e., that lim,HwPf}‘(k) = v, along the same lines as the
proof in Nacyraki (1980, pp. 111-112).
The derivation of Equations A5-A9 follows from
Equations A2-A4. For Equation Ab we have
N

E[X’(1) — «z] = E{E

i=0

;[Z?(l)} —x  (Alb)

= 2) NE)Z] = x (A16)
i=( Jj=C

= Ez,q, X. (A17)
Putting in ¢; from Equatlon 1 and simplifying give

N/ - 9
E[X°(1) — «Jz] = spx(1 — x) — (1 — m)? 2(* — x)z}
=0 N
+ o(sp), (A18)
which gives (Ab) if we put z; = y; + v; on the right and
simplify using Equation 7.
For Equation A6 we have

BUX(1) — 2] = FHE ~7001) ~ > —]’VzH (A19)

i=0 i=0

o D _ D
H;EZ(U E[Z2(1)])

2
E (E[Z“ 1] _Z’)H (A20)

B . T
= FHE N(Z;(l) E[Zi(l)])]

i=0

+ o(sp) (A21)

i ( ')Var[ZDu)]

z éoi&—Cov[z{'<1>, 7)1
T o(sn) (A22)
=522 - [2 )
T o(s) (A23)
- ;k%zl %(17];%) + o(sy). (A24)

Again, putting in ¢;and simplifying, this becomes Equa-
tion A6.
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For equation A7 we have

Pm—xM—ﬂb mu—ﬁ%ﬂ (A25)

i=0

=ﬂ2ﬂﬂm—ﬂﬂmb

:i Xi]E[Z”(l ] - Z)H. (A26)

Asin (A20) above, the second sum on the rightin (A26)
is equal to E[X?(1) — «|z], which, from (Ab), is o(1).
Expanding and considering the third and fourth central
moments of Z(1) gives the result (A7).

In the derivations of (A8) and (A9) below I assume
that the exact solution of (4) is sufficiently close to (5)
that the latter can be used in place of the exact solution.
More precisely, I assume that

N
vi(l) = v, + 2n(X°(1) — ®)', (A27)

k=1
where the coefficients 7, depend on N, ¢, m, and x. This
is certainly true for Equation 5, and because (5) and
the exact solution of (4) are nearly identical in form
(see Figure 1 and associated text), it should also be true
of the exact solution although the coefficients 7, will be

different.
For Equation A8 we have

E[YP(1) — yjz] = E[Z?(1) — vi(1)|z] — y (A28)

Ez Elvi(1)|z] — . (A29)

Using (A27), the second term on the right in Equation
A29 becomes

Elv(1)|z] = v, + %nE[(X”(l) — x)'z].  (A30)
k=1

Then by the same argument that gave (A7), using (Al),
it can be shown that these higher moments are also
o(1/D). Because of this, and putting in v, = E]‘i\;ov,-P;f,
Equation A29 becomes

EZ; ) Evaff‘

E[Y?(1) — ylz] = y + o(1) (A31)

N
= 2yPF — 3+ o(1), (A32)
=0

which is equal to (A8).
For Equation A9 we have

Var[Y?(1)|z] = Var[Z)(1) — v,(1)[z] (A33)
= 2 Var[ZP(1)|z] + 2 Var[v,(1)z], (A34)

using (3.12) in ETHIER and NacyrLaxkr (1980). From
(A3), we have Var[Z?(1)|z] = o(1). From Equation A27
we can see that, like (A30), the second term in (A34)
ultimately depends on the moments of Z} and so is also
o(1). Therefore, Var[Y?(1)|z] = o(1) as required in
Equation A9.

This completes the derivation of (A5-A9), showing
that Theorem 3.3 in ETHIER and NAGYLAKI (1980) can
be applied and that the diffusion x(-) with generator
(9) in the text holds as D goes to infinity.

APPENDIX B

Beginning with Equation 24, and then putting in
g(xx) and ¢,(x), we have

Hﬂ:ffu—m—a—m Jg(ulx) dndd,(x)  (B1)

0 Jo

17 1
= GSJ lj [1 — xt— (1 — x)"g(a|x)dadx  (B2)

0 X Jo

1
o !
0 X

Using the identity

(Mx) () _ (M(1 = %)) d
M, M,

1 - (B3)

M, = E [Si(n, n')|M" (B4)

n'=1

we obtain

E[S] = &é Mrl [1 — xn' — (1 — x)"']dx (B5)
0

n'=1 M(n X
—o 3 B S L (B6)
W'=1 M) =1t

which is the same as Equation 23 since the first term
(n’ = 1) is equal to zero.



