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ABSTRACT
We develop predictions for the correlation of heterozygosity and for linkage disequilibrium between

two loci using a simple model of population structure that includes migration among local populations,
or demes. We compare the results for a sample of size two from the same deme (a single-deme sample) to
those for a sample of size two from two different demes (a scattered sample). The correlation in heterozygos-
ity for a scattered sample is surprisingly insensitive to both the migration rate and the number of demes.
In contrast, the correlation in heterozygosity for a single-deme sample is sensitive to both, and the effect
of an increase in the number of demes is qualitatively similar to that of a decrease in the migration rate:
both increase the correlation in heterozygosity. These same conclusions hold for a commonly used measure
of linkage disequilibrium (r 2). We compare the predictions of the theory to genomic data from humans
and show that subdivision might account for a substantial portion of the genetic associations observed
within the human genome, even though migration rates among local populations of humans are relatively
large. Because correlations due to subdivision rather than to physical linkage can be large even in a single-
deme sample, then if long-term migration has been important in shaping patterns of human polymorphism,
the common practice of disease mapping using linkage disequilibrium in “isolated” local populations may
be subject to error.

WE derive the correlation in coalescence times at correlation in heterozygosity or coalescence times. On
the empirical front, Reich et al. (2002) measured thea pair of loci, with recombination between them,

in a sample of two chromosomes at each locus from correlations in polymorphism level between many pairs
of short loci in samples of two human chromosomes.a subdivided population. Under the assumption that

variation is selectively neutral at both loci and that either These are the first genome-wide estimates of such corre-
lations, corrected for ascertainment bias and variationthe infinite-sites mutation model (Watterson 1975)

holds or the mutation rates at both loci are very small, in mutation rate among loci. Thus, we can now directly
compare theoretical predictions about the correlation(e.g., see Slatkin 1991 and Nielsen 2000), these corre-

lations in coalescence times are easily translated into in heterozygosity to observed data. On the theoretical
side, McVean (2002) showed that correlations in coales-correlations in heterozygosity. Griffiths (1981) stud-

ied the correlation in heterozygosity at a pair of loci cence times can be used to predict r 2, a commonly em-
ployed measure of linkage disequilibirum, defined toin a panmictic population, as did Hudson (1983) and

Kaplan and Hudson (1985) who extended the results be the correlation coefficient between alleles at two loci
(Hill and Robertson 1968). Thirty years ago, Ohtato cover many linked sites by averaging over pairs of sites.

These results have been used to construct estimators of and Kimura (1971) proposed an approximation to the
expected value of r 2 at a pair of loci by expressing it asthe population recombination rate on the basis of the

variance of pairwise differences (Hudson 1987; Wake- a ratio of expected values, which appears to be accurate
as long as the frequencies of alleles at the two loci areley 1997)—which turn out to perform poorly compared

to other estimators (Hudson 2001)—and to discuss the not too small (Hudson 1985; McVean 2002). Using the
results of Strobeck and Morgan (1978) and Hudsontrade-off between sequencing longer stretches of DNA

and taking a larger sample when the goal is to measure (1985) and assuming that the per-site mutation rate at
each locus is close to zero, McVean (2002) showed thatamounts of DNA polymorphism (Pluzhnikov and

Donnelly 1996). Ohta and Kimura’s (1971) estimate can be expressed as
a ratio of covariances in coalescence times, or expectedTwo recent developments, one theoretical and one

empirical, provide renewed motivation for studies of the products of coalescence times, at the two loci.
This demonstration of a direct relationship between

expected products of coalescence times at pairs of loci
and linkage disequilibrium, as measured by r 2, should1Corresponding author: 2102 Biological Laboratories, 16 Divinity Ave.,

Cambridge, MA 02138. E-mail: wakeley@fas.harvard.edu help to connect the large body of theoretical work on

Genetics 164: 1043–1053 ( July 2003)



1044 J. Wakeley and S. Lessard

genealogical processes to the ongoing empirical effort of sampling over geography. Because the effects of sub-
division on samples of multiple chromosomes from eachto describe and to understand patterns of linkage dis-

equilibrium in the human genome. Human history has of a number of demes are direct and obvious (Nei and
Li 1973), we focus mainly on two possibilities: that allbeen marked by the growth and decline of populations,

subdivision both with and without migration, and the samples come from a single deme (single-deme sample)
or that each sample comes from a different deme (scat-admixture of subpopulation samples (Takahata 1995;

Harpending et al. 1998; Hawks et al. 2000), all of which tered sample).
We find that subdivision-induced associations are neg-can strongly influence patterns of linkage disequilib-

rium (Slatkin 1994; Ewens and Spielman 1995; Kap- ligible for scattered samples, but can be very strong in
single-deme samples. The dual nature of migration islan et al. 1995; Lander and Schork 1996; Kruglyak

1999; Pritchard and Przeworski 2001). It is particu- the source of these inflated levels of association between
loci in samples from a single deme compared to whatlarly important to have an accurate picture of these

factors in view of the rising importance of linkage dis- would be expected for a pair of loci with the same rate
of recombination in a panmictic population. Restrictedequilibrium mapping as a tool in disease association

studies (Jorde 1995; Lander 1996; Risch and Meri- migration structures genetic variation among demes so
that immigration events bring genetically dissimilar ge-kangas 1996) because our ability to judge the signifi-

cance of associations depends on having an accurate nomes into a deme from outside. Thus, lower rates of
migration in the population lead to stronger averagepicture of human demographic history. Predictions

about r 2 are helpful in this because they measure varia- levels of association. We also find a strong dependence
on the number of demes in the population. Levels ofbility in the more commonly used statistics D and D �

(Lewontin 1964). For example, the history of migra- association in single-deme samples become stronger as
the number of demes increases even if the migrationtion we study here predicts larger values of r 2 than would

be expected in a panmictic species. This means that rate among demes remains constant. We invoke this as
at least a partial explanation of the correlations in thevalues of D that would be judged significant if humans

were panmictic might be observed more often by chance data considered by Reich et al. (2002). Clearly, variation
in recombination rates across the genome, for whichamong human populations connected by migration.

The study of Reich et al. (2002) on samples of size two there is good direct evidence (Kong et al. 2002), must
also have had a role in shaping the observed “blockfollowed another recent study (Reich et al. 2001), which

examined linkage disequilibrium in a larger sample, structure” of linkage disequilibrium in humans (Gabriel
et al. 2002). Our results show that (1) demographic fac-but within regions defined by the existence of a high-

frequency coding single-nucleotide polymorphism (SNP) tors may not be so easily dismissed if humans are subdi-
vided into more than two demes, and (2) it may beand thus subject to ascertainment bias. Both studies

reached the same conclusions. First, correlations in het- possible to avoid the misleading portions of the linkage
disequilibrium structure of the human genome, thoseerozygosity and linkage disequilibrium extend farther

than predicted by Kruglyak’s (1999) model of an un- that are due to subdivision and migration, by looking
at scattered samples.structured human population that has grown in size, in

which it was assumed that the recombination rate does
not vary across the genome. Second, the preferred ex-

THEORY AND METHODSplanation for this pattern is variation in the recombina-
tion rate across the genome rather than demographic Assume that a sample of two chromosomes is taken
factors. However, Reich et al. (2001) considered only a at each of two loci and that T(1) is the length of the
population bottleneck in an unstructured human popu- genealogy at the first locus and T(2) is the length of the
lation and Reich et al. (2002) considered either a bottle- genealogy at the second locus. Note that these are equal
neck or the subdivision of humans into two subpopula- to twice the coalescence time at each locus. Our goal
tions. Here, we focus on population subdivision and show is to compute
that the conclusions of Reich et al. (2002) could be a
consequence of the fact that only two subpopulations Corr[T(1), T(2)] �

Cov[T(1), T(2)]

√Var[T(1)]Var[T(2)]
, (1)

were considered.
It has been known for some time that population

where the variances and covariances are defined in thesubdivision can increase the level of association between
usual way. For example,alleles in a population, due to covariance in allele fre-

quencies among demes (Nei and Li 1973). Our results Cov[T(1), T(2)] � E[T(1)T(2)] � E[T(1)]E[T(2)]. (2)
are entirely consistent with this previous work and are
especially close to those of Ohta (1982) who partitioned The expectations above are with respect to the ancestral

(genealogical or coalescent) process at the two loci,the components of linkage disequilibrium in a subdi-
vided population in much the same way that F-statistics which here will also involve recombination and migra-

tion. If mutations occur at each locus according to theare partitioned. However, we take a coalescent approach
and this allows us to more naturally address questions infinite-sites model of Watterson (1975), with rate �/2
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per time unit, then the covariance in numbers of SNPs cestral graph (Griffiths 1991) to the case of a struc-
tured population. Here, we restate enough of the frame-at the two loci is simply �2/4 � Equation 2 (Griffiths
work to solve the problem at hand. In the general1981; Hudson 1983). For the model defined below we
version of the model, demes may be of different relativehave � � 4NDu, where N is the deme size, D is the num-
sizes, ci, for i � 1, . . . , D, and migration rates can varyber of demes, and u is the neutral mutation rate per
across the population. We let mij be the proportion oflocus-copy per generation; and time is measured in units
deme i that came from deme j in the previous genera-of 2ND generations.
tion, and let Mij � 4Nmij be the scaled migration rate.Equation 1 is what Reich et al. (2002) estimate using
Note that in doing this, we have made the usual coales-genomic data from humans and call �(�x , �x�d) for a
cent assumption that the migration rate mij is small andpair of loci separated by d intervening nucleotides. The
deme size N is large.value of �(�x , �x�d) depends on whether the two copies

In considering the genealogy of a sample of chromo-at each locus are linked on the same two chromosomes,
somal segments at the two sites, it is necessary to distin-share one chromosome, or are located on two distinct
guish three kinds of segments: those ancestral to thepairs of chromosomes (Strobeck and Morgan 1978),
sample at site 1 only (type 1), those ancestral at site 2and Reich et al. (2002) call these possibilities cis, trans,
only (type 2), and those ancestral at both sites (type 3).and dis, respectively. In addition to (1), we use the
If deme i contains n(1)

i segments of type 1, n(2)
i segmentscovariances of tree lengths to compute

of type 2, and n(3)
i segments of type 3, then the number

and location of the different ancestral segments at anyCovcis[T(1), T(2)] � 2 Covtrans[T(1), T(2)] � Covdis[T(1), T(2)]
E[T(1)]E[T(2)] � Covdis[T(1), T(2)]

.
given time can be described by the vector(3)

n � (n1, . . . , nD), (4)This is what McVean (2002), in the context of a panmic-
tic population, calls 	 2

d, following Ohta and Kimura
in which(1971). As mentioned above, Equation 3 gives an ap-

proximation to the expected value of a commonly used ni � (n(1)
i , n(2)

i , n(3)
i ), (5)

measure of linkage disequilibrium, r 2, which is defined
for i � 1, . . . , D. In addition, we useto be the square of the correlation coefficient between

alleles at two loci (Hill and Robertson 1968). Hudson ni � n(1)
i � n(2)

i � n(3)
i (6)

(1985) showed that 	 2
d accurately predicts r 2 only in a

large sample (or the total population) so that (3) will to represent the total number of ancestral segments in
be inaccurate for small samples. deme i. The coalescent process for such a sample is a

In contrast to the case of a single randomly mating continuous-time Markov chain that remains in state n
population, in a subdivided population the expected for an exponentially distributed length of time with
values that go into Equations 1 and 3 will depend on parameter
how the sample is distributed among demes. Thus, we
cannot simply use cis, trans, and dis here and instead 
n � �

i
�niDMi

2
�

n(3)
i R
2

�
ni(ni � 1)D

2ci
�, (7)

develop an expanded notation (described below) for
samples from a subdivided population. We begin with where R � 4NDr is the scaled recombination rate, and
a general statement of the model in the next section
and then use this framework to compute (1) and (3) Mi � �

j�i
Mij . (8)

in the finite island model (Wright 1931; Moran 1959;
Latter 1973; Maruyama 1974) of subdivision for dif- The three terms in Equation 7 correspond to all possible
ferent sample configurations. We also present some lim- migration, recombination, and coalescent events, re-
iting expressions that hold for the two-locus ancestral spectively, that change the numbers and/or locations,
process in the island model as the number of demes n, of ancestral segments. Time is measured in units of
becomes large, a topic we treat in detail elsewhere (Les- 2ND generations.
sard and Wakeley 2003). After spending an exponential amount of time in

The ancestral recombination graph for a pair of sites state n, there is a jump to another state n� with transition
in a structured population: We assume discrete, non- probabilities
overlapping generations in a diploid population struc-
tured into D demes, with backward migration rates con-
stant through time. We consider two loci or sites with
recombination rate r per generation between them (not
to be confused with the r in r 2). Elsewhere (Lessard

Qnn� �

















n(k)
i DMij

2
n

if n� � n � e(k)
i � e(k)

j , for j � i and k � 1, 2, 3

n(3)
1 R

2
n

if n� � n � e(1)
i � e(2)

i � e(3)
i

n(1)
i n(2)

i D
ci
n

if n� � n � e(1)
i � e(2)

i � e(3)
i

2n(k)
i n(3)

i D � n(k)
i (n(k)

i � 1)D
2ci
n

if n� � n � e(k)
i , for k � 1, 2

n(3)
i (n(3)

i � 1)D
2ci
n

if n� � n � e(3)
i ,

and Wakeley 2003) we describe the ancestral process
for this model, which is a generalization of the single-
locus structured coalescent (Wilkinson-Herbots 1998;
Nordborg 2001), or an extension of the two-locus an- (9)
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TABLE 1where e(k)
i designates a vector of all zero D triplets except

the ith, which is (1, 0, 0) if k � 1, (0, 1, 0) if k � 2, and Notation for states in the island model
(0, 0, 1) if k � 3 (Lessard and Wakeley 2003). From top
to bottom, the terms of Equation 9 have the following State 1 if {1, 1} or {2, 2}

State 2 if {1} {1} or {2} {2}meanings. The first term represents all possible migra-
State 3 if {1, 1, 2, 2}tion events. These simply move ancestral chromosomes
State 4 if {1, 12, 2}around the population. The second term represents State 5 if {12, 12}

recombination events. These affect the history of the State 6 if {1, 1, 2} {2} or {2, 2, 1} {1}
sample only when they occur on a chromosome of type State 7 if {1, 12} {2} or {2, 21} {1}

State 8 if {1, 1} {2, 2}3, breaking it into a chromosome of type 1 and a chro-
State 9 if {1, 2} {1, 2}mosome of type 2. The third term represents coalescent
State 10 if {1, 2} {12}

events between type 1 and type 2 chromosomes. A type State 11 if {12} {12}
3 chromosome is created by such a merger, but neither State 12 if {1, 1} {2} {2} or {2, 2} {1} {1}

State 13 if {1, 2} {1} {2}site experiences a common ancestor event. The fourth
State 14 if {12 } {1} {2}term represents coalescent events in which just one of
State 15 if {1} {1} {2} {2}.the sites has a common ancestor event, and the fifth

term represents coalescent events in which both sites 1 is for a segment ancestral at site 1, 2 for a segment ancestral
at site 2, 12 for a segment ancestral at sites 1 and 2, and anhave a common ancestor event.
ancestral deme is represented by the set of ancestral segmentsWe can use this framework to obtain systems of equa-
that it contains.tions for the quantities required to compute the covari-

ances of genealogical tree lengths at two sites in a struc-
tured population. Suppose that the Markov chain is

computing (1) and (3), we need to consider only sam-currently in state n, given by Equation 4. Let T(1)
n be the

ples of two chromosomes at each site. This simplifies thelength of the genealogical tree since the most recent
state space considerably, and Table 1 lists all the possi-

common ancestor at the first site and T(2)
n be the corre-

bilities numbered for simplicity from 1 to 15. We focus
sponding variable for the second site. Conditioning on below on states 5 and 11, which represent the most
the first change in the genealogical history of the sam- common sample configuration for a sample of size two
ple, we have for the expectation of the first variable at at each of a pair of sites, or loci, in a subdivided popula-
equilibrium, tion. These are both cis comparisons; state 5 is when

the two chromosomes are sampled from the same deme
E(T(1)

n ) � ��i(n(1)
i � n(3)

i )

n

� � �
n�

Qnn�E(T(1)
n� ), (10) and state 11 is when they come from different demes.

The quantities in Equations 1, 2, and 3 that depend
only on the history at a single site have been known forand similarly for the expectation of the second variable.
some time; see Hey (1991) and references therein. IfThese expectations depend only on the state at the site
we represent the sample states by their numbers, thenunder consideration and, therefore, do not depend on
for site 1 we havethe scaled recombination rate R between the two sites.

For the expectation of the product of these variables at E[T(1)
1 ] � 2, (12)

equilibrium, we have
E[T(1)

2 ] � 2 �
2(D � 1)

MD
, (13)

E(T(1)
n T(2)

n ) � ��i (n(1)
i � n(3)

i )

n

�E(T(2)
n )

Var[T(1)
1 ] � 4 �

8(D � 1)2

MD2
, (14)

� ��i (n(2)
i � n(3)

i )

n

�E(T(1)
n )

Var[T(1)
2 ] � 4 �

8(D � 1)2

MD 2
�

4(D � 1)2

M 2D2
, (15)

� �
n�

Qnn�E(T(1)
n� T(2)

n� ), (11)

and the expressions for site 2 are identical.
which will depend on R. We use Equation 11 to obtain the other necessary

The island model with an arbitrary number of demes: quantities, i.e., the expectations of the product of the
In the island model, the D demes are assumed to be of tree lengths at two sites, depending on the distribution
the same size and the backward migration rates to other of the ancestral segments within and between demes.
demes are all equal. Therefore, we have ci � 1 for all To save space, we let Vs � E[T(1)

s T(2)
s ] for every state

i and Mij � M/(D � 1) for all j � i. These assumptions number s in Table 1 with two segments ancestral at each
make the ancestral graph at two sites symmetric with site. Then, assuming at least four demes, we have the
respect to any permutation of the demes in addition equations given in the appendix, which can be solved

analytically using software like Mathematica (Wolframto being symmetric with respect to the two sites. In
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1999). The resulting expressions are too lengthy to re- R � 10
R 2 � 13R � 22

, (18)produce here but are available upon request to the
authors. For D � 4, the equations in the appendix must

which is identical to the prediction, 	 2
d, for r 2 underbe modified because some of the states in Table 1 will

panmixia (Ohta and Kimura 1971; McVean 2002).not exist.
Expected values for samples from the same deme, onA simpler ancestral process when D is large: The un-
the other hand, do reflect the effects of subdivision (seewieldy expressions for the case of arbitrary D can be
Figure 1b below).checked against simpler predictions that hold in the

Equations 17 and 18 illustrate a surprising fact aboutlimit as D goes to infinity. When the number of demes
the large-D ancestral process for a scattered sample,is large, the ancestral process for the sample becomes
namely, that the appropriate recombination parametermuch simpler. In particular, in the island model both
continues to be equal to R � 4NDr, even as D goes towith recombination (Lessard and Wakeley 2003) and
infinity (Lessard and Wakeley 2003). The reason thiswithout it (Wakeley 1998, 1999), the history of a scat-
is surprising is that the timescale of the coalescent pro-tered sample is the same as that in a panmictic popula-
cess, and thus the time over which mutation and recom-tion of ND diploid organisms, but on a timescale longer
bination events can occur in the history of the sample,by the factor (1 � 1/M). Samples that include multiple
is increased by the factor (1 � 1/M). The number ofsegments from single demes are subject to a rapid sto-
mutation events in the history of the sample does indeedchastic sample-size adjustment, the “scattering phase”
depend on �(1 � 1/M) (Wakeley 1998), but the num-(Wakeley 1999), before they enter this much longer pan-
ber of potentially observable recombination events de-mictic process. Coalescent events during the scattering
pends only on R (Lessard and Wakeley 2003). Whilephase are the source of the greater within-deme than
(1 � 1/M) more recombination events do occur in the

between-deme relatedness predicted under the island
history, a fraction 1/(1 � M) of these are repaired

model.
instantaneously because the two resulting segments will

The appendix gives approximations for Vs � initially be present in the same deme and thus will be
E[T(1)

s T(2)
s ] for the case when D is large. These expres- like a single-deme sample, subject to a scattering phase.

sions can also be obtained directly from the limiting What remains is R � (1 � 1/M) � M/(M � 1) � R.
(large-D) two-locus ancestral recombination graph This might have important practical consequences be-
(Lessard and Wakeley 2003). They illustrate the rela- cause disease loci can be mapped with greater resolution
tive simplicity of the large-D ancestral process, which when recombination is more frequent, as long as
includes the scattering phase. For example, for V5 and enough SNPs are present, and higher numbers of SNPs
V11 we have lead to increased power for a given recombination map

(Kruglyak 1999). We do not pursue these issues here,
V5 �

M
M � 1

V11 . (16) but note that Nordborg and Tavaré (2002) discuss
this in relation to the effect that partial selfing has on
the numbers of SNPs and recombination events (Nord-This equation relates the results for single-deme samples
borg 2000). Lessard and Wakeley (2003) detail the(state 5) and scattered samples (state 11) of size two via
similarities and differences between partial selfing andthe scattering phase probability, M/(M � 1), that one
island-model migration.or the other of the two segments migrates before they

coalesce (Wakeley 1998). In addition, these values (e.g.,
V11 in the appendix) reflect the fact that the timescale RESULTS
of the coalescent process is increased by the factor (1 �

Population subdivision provides an additional axis for1/M).
comparison of polymorphism levels and associations/By substituting these large-D approximations into Equa-
correlations between loci. It introduces the possibilitytion 1 we have
of making within- vs. between-deme comparisons [as
embodied by Wright’s (1951) well-known fixation in-

Corr[T(1)
11 , T(2)

11 ] �
R � 18

R 2 � 13R � 18
, (17)

dex FST], an idea that Ohta (1982) extended to mea-
sures of linkage disequilibrium. Thus, the distribution

for a scattered sample in the large-D limit. Equation 17 of the sample among demes, as well as the distribution
is identical to the correlation of tree lengths in a sample of ancestral genetic material among chromosomes, be-
of two chromosomes at two loci (cis) in a panmictic comes important. Figure 1 shows that the correlation
population (Griffiths 1981; Hudson 1983). In addi- of tree lengths at two loci depends strongly on how the
tion, substituting the approximations for V11, V14, and sample is taken, either from two different demes or from
V15 from the appendix (for cis, trans, and dis, respec- the same deme, as well as on the distance separating the
tively, for a scattered sample) into expression (3), and two sites, the demic migration rate, and the number of

demes in the population. Note that in Figure 1, a andsimplifying, gives
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Figure 1.—Analytic predictions for the correlation in tree lengths at two loci in samples of two chromosomes at each locus.
(a and b) The correlation as a function of the distance between the two sites, measured in kilobases (kb), and the number of
demes D in an island model population with M � 1. (c and d) The correlation at two sites separated by 10 kb as a function of
the migration rate M and the number of demes. As discussed in the text, the population per-site rate of recombination was
assumed to be R � 5.2 � 10�4 after Reich et al. (2002). a and c are for the case of two chromosomes [cis using the terminology
of Reich et al. (2002)] sampled from two different demes; i.e., they plot Equation 1 for state 11 in Table 1. b and d are for the
case of two chromosomes (again, cis) sampled from the same deme; i.e., they plot Equation 1 for state 5 in Table 1.

b have a broader range on the vertical axis than c and tor at both loci due to coalescence within the deme or
a very ancient one if a migration event occurs in theird. For Figure 1, a–d, the population rate of recombina-

tion was assumed to be 5.2 � 10�4/site, following Reich recent history, prior to which it may be a long time
before another migration event again puts them in theet al. (2002). Thus, the distances in a and b correspond

to a range of values of R from 0.052 (� 0.1 kb � 103 bp/ same deme so that they have the chance to coalesce.
This subdivision-induced inflation of the correlation iskb � 5.2 � 10�4/bp) to 52. For c and d, the distance

was set to 10 kb, which corresponds to R � 5.2. true for pairs of loci at any distance, but the effect is
stronger for loci that are farther apart.For a single-deme sample, Figure 1, a and c, the pre-

dicted correlation depends on all three quantities: the For a scattered sample, Figure 1, b and d, only the
distance between the two sites strongly affects the corre-distance, M, and D. Clearly, the distance between the two

sites, which in our model linearly determines the recom- lation, again with shorter distances producing stronger
correlations. Surprisingly, neither the migration ratebination rate between them, has the strongest effect,

with shorter distances corresponding to higher corre- nor the number of demes has a large effect on the
correlation of tree lengths for scattered samples. Therelations. The migration rate is the next most important

factor for single-deme samples, with lower migration is some dependence on M and D when D is small, but
the magnitude of the change in the correlation thererates producing stronger correlations in tree lengths.

Finally, there is an effect of the number of demes on is much smaller than that when the distance between
sites is varied. Thus, the correlation in tree lengths forthe correlation of tree lengths at two loci in a single-

deme sample, with larger numbers of demes yielding a scattered sample is similar to that in a panmictic popu-
lation even though the average lengths of the treesstronger correlations. A large number of demes is quali-

tatively similar to a small migration rate because in both change substantially with both M and D; see Equation
13. This constancy for scattered samples is predictedcases samples share either a very recent common ances-
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Figure 2.—Comparison of the predictions of
the island model to the data of Reich et al. (2002).
The population per-site rate of recombination was
set, as in Figure 1, to be R � 5.2 � 10�4 and was
constant across the genome. The different curves
for the island model predictions are for D � 1,
4, 16, ∞, from bottom to top. The curves for D �
1 are the ones labeled “theoretical prediction” in
Reich et al. (2002). In a, M � 1 and the prediction
curves plot Equation 1 for state 11 in Table 1. In
b, M � 4 and the prediction curves plot Equation
3 for state 11 in Table 1. Data points are redrawn
from Figure 5, a and c, in Reich et al. (2002):
the open/solid squares in both a and b give the
upper/lower bounds for the correlation and for
	 2

d on the basis of variability in the correction for
among-locus variation for mutation rate in com-
parisons with chimpanzee sequences, and the
open circles in b show r 2 calculated from the Utah
CEPH data of Gabriel et al. (2002).

for large values of D—see Equation 17 and Lessard Both the pairwise data of Reich et al. (2002) and the
Utah CEPH data of Gabriel et al. (2002) are subject toand Wakeley (2003)—but it appears to hold approxi-

mately for small D as well. ascertainment bias with respect to the process of migra-
tion. In the case of Reich et al. (2002), an upper boundThe protocol of Reich et al. (2002) categorized pairs

of sites as cis, trans, and dis, but did not distinguish was exerted on the number of SNPs per read, and in
the case of Gabriel et al. (2002) SNPs were discoveredamong the possible sample configurations in Table 1.

The chance that both samples at both loci are from the in an initial smaller sample and then typed in a larger
one and an upper bound was exerted on the numbersame deme will be greatest for cis comparisons and

smallest for dis comparisons, so the effects of subdivision of SNPs per read. Reich et al. (2002) corrected for as-
certainment when calculating correlations, but neitheron the correlations of tree lengths will be strongest for

the cis samples. More detailed statements are difficult set of authors considered the effect of ascertainment
bias on realized, or estimated, migration rates. We candue to the heterogeneity of population origin of the

samples used by Reich et al. (2002). In addition to these infer that realized migration rates in the Utah CEPH
data are greater than the actual migration rates (Wake-correlations in tree lengths at pairs of loci, Reich et al.

(2002) plotted r 2 calculated from a separate data set that ley et al. 2001), but in the pairwise data they should be
smaller than actual rates because the protocol truncatedincluded only Americans of European ancestry from the

CEPH Utah pedigrees (Gabriel et al. 2002). For the only the upper tail of the distribution of the number
of SNPs per read. This occurs because migrants tendsake of illustration, we assume that both sets of data are

composed of single-deme samples. Figure 2 shows that to differ from residents, so the number of migrant chro-
mosomes detected by this method is less than would befor given migration rates for these two sets of data (M �

1 and M � 4, respectively; see below), increasing the num- found in a random sample. This is the justification for
using different values, M � 1 and M � 4, for the twober of demes brings the theoretical predictions closer

to the observed data. data sets in Figure 2. These values were chosen for the
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sake of illustration, but they are roughly consistent with Pluzhnikov et al. 2002), and appropriate tools for link-
age disequilibrium mapping are necessary. Methods inestimates of M based on FST (Cavalli-Sforza et al. 1994)

when ascertainment bias is taken into account. the spirit of Pritchard et al. (2000), which use back-
ground levels of association to control for population
structure, appear promising. Note, however, that the

DISCUSSION
method of Pritchard et al. (2000) assumes no associa-
tion within demes and so does not appear to be applica-Human beings do not mate randomly on a global

scale. Instead, they are subdivided into local popula- ble if there has been migration. If the island model with
a large number of demes (or a related model; see below)tions, or demes, among which there is substantial gene

flow. Substantial here means roughly M � 1, as appears holds for humans, the present analysis, e.g., Figure 1, b
and d, suggests that linkage disequilibrium mappingto be true of many local human populations (Cavalli-

Sforza et al. 1994). We have shown that the number of studies should be done using scattered samples because
these should have the lowest level of subdivision-induceddemes is important in determining levels of association

between alleles and of correlations in genealogical tree association. This would not be recommended, however,
if the causes of the disease under study differed fromlengths at different loci when multiple samples come

from single demes; see Figure 1, a and c. In particular, population to population.
Of course, the island migration model has shortcom-average two-locus correlations in a single-deme sample

become stronger both when the migration rate de- ings: it assumes that the population has always been
subdivided, that every deme is of the same size and hascreases and when the number of demes increases. Thus,

the conclusion of Reich et al. (2002) that migration rates the same migration rate, and that the number of demes
has remained constant. Perhaps most importantly, itare not low enough among human demes to explain

observed long-distance correlations is at least in part a lacks true geographic structure because every deme can
exchange migrants with every other deme. Many ofconsequence of the fact that only a two-deme model

was considered. these problems can be dealt with in the case where the
number of demes is large, and extinction/recoloniza-We have also shown that associations due to subdi-

vision are negligible for scattered samples; see Figure tion of demes can also be included (Wakeley and Alia-
car 2001). Thus, the results we describe here should1, b and d. This has consequences for the prospect of

disease-locus mapping using patterns of linkage disequi- hold, at least qualitatively, in a much broader setting.
We have not here considered changes in populationlibrium. There is active debate over population choice

for linkage disequilibrium mapping studies, based both size or migration rate, but these too can be incorporated
relatively easily into the model when the number ofon the chance that the disease is less heterogeneous and

on the knowledge of the demographic history of local demes is large (Wakeley 1999).
The work we have presented here is similar in spiritpopulations (Wright et al. 1999). For instance, it is pop-

ular to focus on recently founded local populations be- to the recent work of Vitalis and Couvet (2001a,b)
who studied two-locus probabilities of identity undercause these are expected to have preserved levels of

linkage disequilibrium due to sampling of founders. the infinite island model, with the possible addition of
partial selfing. Thus, it might be expected that our re-There is some empirical evidence of this, e.g., Jorgen-

sen et al. (2002), but there is also evidence that some sults, in the limit as D goes to infinity, should match
theirs. However, the model considered by Vitalis andlocal populations do not follow this pattern (Eaves et

al. 2000). So far, there has been little attention to migra- Couvet (2001a,b) differs from ours in one very impor-
tant respect. While we assume that the population muta-tion in these discussions. The migration model we stud-

ied here predicts that local populations that receive tion rate � � 4NDu and the population recombination
rate R � 4NDr remain finite as D goes to infinity, Vitalisfewer migrants each generation are expected to show

greater correlations between loci and higher levels of and Couvet (2001a,b) assume that the demic mutation
rate 4Nu and the demic recombination rate 4Nr are notlinkage disequilibrium. When M is small, migrants will

differ from residents at many loci simultaneously, and necessarily small. The population rates of mutation and
recombination in their model are, implicitly, infinite.the model predicts an equilibrium level of linkage dis-

equilibrium as a balance among immigration, genetic One consequence of this is that their model predicts
zero identity linkage disequilibrium when the migrationdrift, and recombination. If a sample contains recent

migrants, the chance of spurious association increases. rate for a deme is very large (or, equivalently, for a scat-
tered sample); see Figures 4 and 5 in Vitalis and CouvetWhile we have not studied any particular disease model

and have considered only levels of association between (2001b). In addition, their model would predict an in-
finite number of SNPs, or mutation events, at a locus.neutral markers, further study of the role of migration

among local populations of humans in establishing ge- On the other hand, the large-D limit we consider pre-
dicts zero SNPs at a locus in a single-deme sample if nonomic patterns of linkage disequilibrium seems war-

ranted. Oversimplified models of human history are not migration events occur in the history of the sample.
Which of these models is most appropriate depends onconsistent with available data (Przeworski et al. 2000;



1051Population Structure and Two-Locus Associations

Kong, A., D. F. Gubdjartsson, J. Sainz, G. M. Jonsdottir, S. A.whether allelic data or sequence data are analyzed and
Gudjonsson et al., 2002 A high-resolution recombination map

whether mutation and recombination events that occur of the human genome. Nat. Genet. 31: 241–247.
Kruglyak, L., 1999 Prospects for whole genome linkage disequilib-in the recent history of a deme are the focus of study

rium mapping of common diseases. Nat. Genet. 22: 139–144.or can be ignored because they are far outnumbered by
Lander, E. S., 1996 The new genomics: global views of biology.

mutation and recombination events that occur earlier in Science 274: 536–539.
Lander, E. S., and N. J. Schork, 1996 Genetic dissection of complexthe history of a sample.

traits. Science 265: 2037–2048.
We thank David Reich and Stephen Shaffner for helpful discussions Latter, B. D. H., 1973 The island model of population differentia-

of Reich et al. (2002) and for making their article available before it tion: a general solution. Genetics 73: 147–157.
was published. Kristin Ardlie and Monty Slatkin provided helpful com- Lessard, S., and J. Wakeley, 2003 The two-locus ancestral graph

in a subdivided population: convergence as the number of demesments on an earlier version of the manuscript. J.W. was supported
grows in the island model. J. Math. Biol. (in press).by a Career Award (DEB-0133760) and by a grant (DEB-9815367)

Lewontin, R. C., 1964 The interaction of selection and linkage. I.from the National Science Foundation. S.L. was supported by grants
General considerations; heterotic models. Genetics 49: 49–67.from the Natural Sciences and Engineering Research Council of Can-

Maruyama, T., 1974 A simple proof that certain quantities are inde-ada, the Fonds Québécois de la Recherche sur la Nature et les Technol-
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APPENDIX

Using Equations 9 and 11, we obtain the following equilibrium equations for the expected product of tree lengths
at two sites in the island model, Vs � E[T(1)

s T(1)
s ], for states s � 3, . . . , 15 defined in Table 1. To save space, we put

E1 � E[T(1)
1 ] � E[T(2)

1 ], which is given by Equation 12, and E2 � E[T(1)
2 ] � E[T(2)

2 ], which is given by Equation 13:

V3 �
2E1 � 2DV4 � MDV6

(3 � M)D
,

V4 �
8E1 � RV3 � 2DV5 � MD(2V7 � V10)

6D � R � 3MD
,

V5 �
4E1 � RV4 � MDV11

D � R � MD
,

V6 �
4(D � 1)(E1 � E2) � MDV3 � 4D(D � 1)V7 � MD(V8 � 2V9) � MD(D � 2)(V12 � 2V13)

(6D � 3MD � 6 � 2M)D
,

V7 �
4(D � 1)(E1 � E2) � MDV4 � R(D � 1)V6 � MDV10 � 2MD(D � 2)V14

(2D � R � 2MD)(D � 1)
,

V8 �
2(D � 1)E1 � MDV6 � MD(D � 2)V12

(1 � M)(D � 1)D
,

V9 �
2(D � 1)E2 � MDV6 � D(D � 1)V10 � MD(D � 2)V13

(1 � M)(D � 1)D
,

V10 �
8(D � 1)E2 � MD(V4 � 2V7) � R(D � 1)V9 � 2D(D � 1)V11 � 2MD(D � 2)V14

R(D � 1) � 2D(D � 1) � MD(2D � 1)
,

V11 �
4(D � 1)E2 � MDV5 � R(D � 1)V10

R(D � 1) � MD
,

V12 �
2(D � 1)(E1 � E2) � MD(V6 � V8 � 2V13) � MD(D � 3)V15

(D � 1 � M � MD)D
,

V13 �
4(D � 1)E2 � MD(V6 � V9 � V12) � D(D � 1)V14 � MD(D � 3)V15

(D � 1 � MD)D
,

V14 �
8(D � 1)E2 � 2MD(2V7 � V10) � R(D � 1)V13

R(D � 1) � 6MD
,

V15 �
2(D � 1)E2 � MD(V12 � 2V13)

3MD
.

Solving the system of equations above and taking the limit as D goes to infinity, we obtain the following approxima-
tions for the expected product of tree lengths at the two loci:
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V3 � 4(1 � M)(M 2(22 � 13R � R 2) � 4M(24 � 13R � R 2) � 2(36 � 14R � R 2))
M(2 � M)(3 � M)(18 � 13R � R 2)

,

V4 � 4(1 � M)(36 � 14R � R 2 � M(24 � 13R � R 2))
M(2 � M)(18 � 13R � R 2)

,

V5 � 4(1 � M)(36 � 14R � R 2)
M(18 � 13R � R 2)

,

V6 � 4(M 2(22 � 13R � R 2) � 2(24 � 13R � R 2) � M(70 � 39R � 3R 2))
M(2 � M)(18 � 13R � R 2)

,

V7 � 4(1 � M)(24 � 13R � R 2)
M(18 � 13R � R 2)

,

V8 � 4(22 � 13R � R 2)
18 � 13R � R 2

,

V9 � 4(36 � 14R � R 2 � M 2(22 � 13R � R 2) � 2M(24 � 13R � R 2))
M 2(18 � 13R � R 2)

,

V10 � 4(1 � M)(36 � 14R � R 2 � M(24 � 13R � R 2))
M 2(18 � 13R � R 2)

,

V11 � 4(1 � M)2(36 � 14R � R 2)
M 2(18 � 13R � R 2)

,

V12 � 4(1 � M)(22 � 13R � R 2)
M(18 � 13R � R 2)

,

V13 � 4(1 � M)(24 � 13R � R 2 � M(22 � 13R � R 2))
M 2(18 � 13R � R 2)

,

V14 � 4(1 � M)2(24 � 13R � R 2)
M 2(18 � 13R � R 2)

,

V15 � 4(1 � M)2(22 � 13R � R 2)
M 2(18 � 13R � R 2)

.




